Introduction {#Sec1}
============

The study of the multi-species Bose-Einstein condensates (BEC) with atoms having nonzero spin is an attractive topic^[@CR1]^. For these systems, when the temperature is extremely low (say, lower than 10^−9^ K), the spatial degrees of freedom are nearly frozen and the spin degrees of freedom play essential roles^[@CR2],[@CR3]^. Various spin-structures will emerge, and they are found to be sensitive to the very weak spin-dependent forces. Therefore, these systems might be ideal for realizing exquisite control.

When the BEC contains only one kind of *N* spin-1 atoms, the polar phase (*p*-phase) and the ferromagnetic phase (*f*-phase) have been found in the ground state (g.s.)^[@CR4]--[@CR10]^. In the *p*-phase, the spins of atom are two-by-two coupled to zero to form the singlet pairs (*s*-pair), and the total spin of the condensate *S* = 0. In the *f*-phase, all the spins are fully polarized, i.e., lying along a common direction, and *S* = *N*. For 2-species BEC, it was found in^[@CR1],[@CR11]--[@CR23]^ that there are three types of spin-structures, namely, (i) the *p* + *p* spin-structure where both species are in *p*-phase; (ii) the *f*//*f* structure where both species are in *f*-phase, and the two total spins (each for a species) are lying either parallel or antiparallel to each other; and (iii) the *f*//*q* structure where one in *f*-phase and one in quasi-ferromagnetic phase (*q*-phase, a mixture of aligned spins and *s*-pairs).

The above message from 2-species BEC attracts the exploration on the spin-structures of multi-species BEC. Note that, for 3-species BEC, the three intra-species and three inter-species spin-dependent interactions can be repulsive or attractive. Thus, the spin-structures are expected to be very rich. However, this interesting topic is scarcely studied before. This paper is a primary study on this topic. The aim is to clarify the variety of the spin-structures and the related critical phenomena, and the effects of the intra- and inter-species interactions. We believe that the knowledge extracted from 3-species BEC would be in general useful for understanding the spin-structures of many-body systems with multi-species.

We proceed in the following way:From the experience of 2-species BEC, the spin-structures are seriously affected by the compactness of the spatial wave functions (i.e., $\documentclass[12pt]{minimal}
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Hamiltonian and the Ground State {#Sec2}
================================

Let the mixture of three kinds of spin-1 atoms be trapped by isotropic and harmonic species-dependent potentials $\documentclass[12pt]{minimal}
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Note that, in the ground state (g.s.), every particles of a kind will condense to a spatial state (say, $\documentclass[12pt]{minimal}
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The coupled gross-pitaevskii equations and the spatial wave functions {#Sec3}
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For the Hamiltonian given in Eq. ([1](#Equ1){ref-type=""}), the associated CGP equations for $\documentclass[12pt]{minimal}
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The spatial wave functions {#Sec4}
--------------------------

The spin-structures in multi-species BEC is caused by the inter-species interactions. Obviously, they would act more effectively when the three species are distributed closer to each other. Therefore, in the following examples, we take the miscible states into account, in which all the three species have nonzero distribution at the center (*r* = 0). An example is given in Fig. [1](#Fig1){ref-type="fig"}, where the wave functions in zone I to IV are in Form III, Form II~1~, Form I~3~, and empty, respectively.Figure 1An example of the spatial wave functions of a miscible state obtained from the TFA solution of the CGP. The parameters are given as $\documentclass[12pt]{minimal}
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Nonetheless, the realization of the miscible state is based on a number of assumptions. First, it is assumed that all the wave functions are nonzero at the center, thus $\documentclass[12pt]{minimal}
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The total spin-state {#Sec5}
--------------------
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To extract information on spin-structure from $\documentclass[12pt]{minimal}
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Examples are given below.

Classical model (Type-I) {#Sec6}
------------------------

Neglecting all spin-independent terms, the spin-dependent energy of the g.s. can be written as$$\documentclass[12pt]{minimal}
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Based on Eq. ([27](#Equ27){ref-type=""}), we propose a classical model to facilitate qualitative analysis. In this model, the total spin of the $\documentclass[12pt]{minimal}
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The effect of the inter-species force is embodied by $\documentclass[12pt]{minimal}
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### The case *p*~g.s.~ is located inside the cuboid (i.e., not on the surfaces of the rectangle) {#Sec7}
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Let a rectangle on the surface of the cuboid be denoted as $\documentclass[12pt]{minimal}
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### The case *p*~g.s.~ is located on a rectangle of the first kind {#Sec8}
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With the prohibition of the above two cases, *p*~g.s.~ can only access *P*~1~ and the three rectangles of the second kind, but those edges each being a common edge of two rectangles belonging to two kinds should be excluded.

### The case *p*~g.s.~ = *p*~7~ {#Sec9}
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With these in mind, the possible spin-strs of the g.s. are *p* + *p* + *p*, single-*f*-str, double-*f*-str, and *f*//*f*//*f* depending on the parameters.

Spin-structure transition {#Sec13}
-------------------------
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Table [4](#Tab4){ref-type="table"} demonstrates that the results given by Eqs. ([24](#Equ24){ref-type=""}), ([25](#Equ25){ref-type=""}) and ([26](#Equ26){ref-type=""}) are quite accurate. In particular, the sum of the three $\documentclass[12pt]{minimal}
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Final remarks {#Sec15}
-------------

Features of the spin-structures of 3-species condensates with spin-1 atoms have been extracted from a model and have been checked via a QM calculation. Note that the effect of the spatial wave function is embodied in the factors $\documentclass[12pt]{minimal}
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Appendix {#Sec16}
========

From the spin-dependent energy of the model given in Eq. ([28](#Equ28){ref-type=""}) we have the derivatives:$$\documentclass[12pt]{minimal}
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